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APPROXIMATION OF COMMON FIXED POINTS OF
STRONGLY NONEXPANSIVE SEQUENCES IN A BANACH
SPACE
KOJI AOYAMA AND MASASHI TOYODA
Abstract. The aim of this paper is to establish a strong convergence theorem
for a strongly nonexpansive sequence in a Banach space. We also deal with
some applications of the convergence theorem.
1. Introduction
The aim of the present paper is to study convergence of an iterative sequence
{xn} generated by the following algorithm: x1 ∈ C and
(1.1) xn+1 = αnu+ (1− αn)Snxn
for each positive integer n, where C is a closed convex subset of a Banach space E,
u is a point in C, {αn} is a sequence in (0, 1], {Sn} is a sequence of self-mappings
of C with a common fixed point. In particular, we prove that the sequence {xn}
converges strongly to a common fixed point of {Sn} under suitable conditions. One
of the features of our main results is that the parameter {αn} in (1.1) is only
assumed to satisfy the following conditions: limn→∞ αn = 0 and
∑
∞
n=1 αn =∞.
This paper is organized as follows: In Section 2, we recall some definitions and
known results and we also provide some lemmas related to eventually increasing
functions, which play important roles in the proof of our main results. In Sec-
tion 3, we present our main result (Theorem 3.1) and its corollaries (Corollaries 3.4
and 3.6). Corollary 3.4 is a generalization of [25, Theorem 10]. In the final section,
we apply our main results to the common fixed point problem for a sequence of
nonexpansive mappings and the zero point problem for an accretive operator in a
Banach space. Moreover, we also investigate convergence of a sequence {yn} defined
by y1 ∈ C and
yn+1 = αnfn(yn) + (1 − αn)Snyn
for n, where C, {αn}, and {Sn} are the same as above and {fn} is a sequence of
contraction-like self-mappings of C.
2. Preliminaries
Throughout the present paper, E denotes a real Banach space with norm ‖ · ‖,
E∗ the dual of E, 〈x, f〉 the value of f ∈ E∗ at x ∈ E, N the set of positive
integers, and R the set of real numbers. The norm of E∗ is also denoted by ‖ · ‖.
Strong convergence of a sequence {xn} in E to x ∈ E is denoted by xn → x.
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The (normalized) duality mapping of E is denoted by J , that is, it is a set-valued
mapping of E into E∗ defined by Jx =
{
f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2
}
for x ∈ E.
It is known that
(2.1) ‖x+ y‖2 ≤ ‖x‖2 + 2 〈y, f〉
holds for all x, y ∈ E and f ∈ J(x+ y); see [27, Theorem 4.2.1].
Let UE denote the unit sphere of E, that is, UE = {x ∈ E : ‖x‖ = 1}. The norm
of E is said to be Gaˆteaux differentiable if the limit
(2.2) lim
t→0
‖x+ ty‖ − ‖x‖
t
exists for all x, y ∈ UE ; the norm of E is said to be uniformly Gaˆteaux differentiable
if for each y ∈ UE the limit (2.2) is attained uniformly for x ∈ UE. We know that
the duality mapping J is single-valued if the norm of E is Gaˆteaux differentiable;
J is uniformly norm-to-weak* continuous on each bounded subset of E if the norm
of E is uniformly Gaˆteaux differentiable. A Banach space E is said to be strictly
convex if x, y ∈ UE and x 6= y imply ‖x+ y‖ < 2; E is said to be uniformly convex
if for any ǫ > 0 there exists δ > 0 such that x, y ∈ UE and ‖x− y‖ ≥ ǫ imply
‖x+ y‖ /2 ≤ 1− δ. It is known that E is reflexive if E is uniformly convex; see [27]
for more details. We know the following lemma; see [8, Lemma 2.1].
Lemma 2.1. Let {xn} and {yn} be bounded sequences in a uniformly convex Ba-
nach space E and {λn} a sequence in [0, 1] such that lim infn λn > 0. If λn ‖xn‖
2
+
(1− λn) ‖yn‖
2 − ‖λnxn + (1 − λn)yn‖
2 → 0, then (1− λn) ‖xn − yn‖ → 0.
Let C be a nonempty subset of E and T : C → E a mapping. The set of
fixed points of T is denoted by F(T ). A mapping T is said to be nonexpansive if
‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C; T is said to be strongly nonexpansive [12] if
T is nonexpansive and xn − yn − (Txn − Tyn) → 0 whenever {xn} and {yn} are
sequences in C, {xn − yn} is bounded, and ‖xn − yn‖ − ‖Txn − Tyn‖ → 0.
We know the following lemma; see [10, Lemma 2.9]:
Lemma 2.2. Let E be a Banach space whose norm is uniformly Gaˆteaux differen-
tiable, C a nonempty closed convex subset of E, T a nonexpansive self-mapping of
C, {xn} a bounded sequence in C, u a point in C, and zt a unique point in C such
that zt = tu+ (1− t)Tzt for t ∈ (0, 1). Suppose that xn − Txn → 0 as n→∞ and
zt → w as t ↓ 0. Then lim supn→∞ 〈u− w, J(xn − w)〉 ≤ 0.
A Banach space E is said to have the fixed point property for nonexpansive
mappings if every nonexpansive self-mapping of a bounded closed convex subset D
of E has a fixed point in D.
Let C be a nonempty subset of E, K a nonempty subset of C, and Q a mapping
of C onto K. Then Q is said to be a retraction if Qx = x for all x ∈ K; Q is
said to be sunny if Q
(
Qx + λ(x − Qx)
)
= Qx holds whenever x ∈ C, λ ≥ 0, and
Qx + λ(x − Qx) ∈ C; K is said to be a sunny nonexpansive retract of C if there
exists a sunny nonexpansive retraction [23] of C onto K; see also [15].
Using the results in [24], [29], and [27], we obtain the following:
Lemma 2.3. Let E be a reflexive Banach space, C a nonempty closed convex
subset of E, and T a nonexpansive self-mapping of C with F(T ) 6= ∅. Suppose
that the norm of E is uniformly Gaˆteaux differentiable and E has the fixed point
property for nonexpansive mappings. Then F(T ) is a sunny nonexpansive retract
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of C. Moreover, let u and zt be the same as in Lemma 2.2. Then zt → Qu as t ↓ 0,
where Q is the unique sunny nonexpansive retraction of C onto F(T ).
Let C be a nonempty subset of E, T : C → E a mapping, and {Sn} a sequence
of mappings of C into E. The set of common fixed points of {Sn} is denoted
by F({Sn}), that is, F({Sn}) =
⋂
∞
n=1 F(Sn). Then {Sn} is said to be a strongly
nonexpansive sequence [3, 7, 8] if each Sn is nonexpansive and xn − yn − (Snxn −
Snyn)→ 0 whenever {xn} and {yn} are sequences in C, {xn− yn} is bounded, and
‖xn − yn‖−‖Snxn − Snyn‖ → 0; {Sn} is said to satisfy the NST condition (I) with
T [21, 28] if F({Sn}) is nonempty, F(T ) ⊂ F({Sn}), and xn − Txn → 0 whenever
{xn} is a bounded sequence in C and xn − Snxn → 0.
Remark 2.4. Let C, T , and {Sn} be the same as above. If {Sn} satisfies the NST
condition (I) with T , then F(T ) ⊃ F({Sn}). Indeed, let z ∈ F({Sn}) and set xn = z
for n ∈ N. Then it is clear that {xn} is a bounded sequence in C and xn−Snxn = 0
for every n ∈ N, and hence xn − Snxn → 0. Thus z − Tz = xn − Txn → 0, which
means that z ∈ F(T ).
Example 2.5. Let C be a nonempty subset of E and T : C → E a mapping. Set
Sn = T for n ∈ N. Then it is clear that if T is strongly nonexpansive, then {Sn} is
a strongly nonexpansive sequence. Moreover, it is also clear that if F(T ) 6= ∅, then
{Sn} satisfies the NST condition (I) with T .
Example 2.6 ([8, Corollary 3.8]). Let C be a nonempty subset of a uniformly
convex Banach space E, {Vn} a sequence of nonexpansive mappings of C into E,
and {γn} a sequence in [0, 1] such that lim infn→∞ γn > 0. Then a sequence {Sn}
of mappings defined by Sn = γnI+(1−γn)Vn for n ∈ N is a strongly nonexpansive
sequence, where I is the identity mapping on C.
We know the following lemma; see [6, 31].
Lemma 2.7. Let {ξn} be a sequence of nonnegative real numbers, {γn} a sequence
of real numbers, and {αn} a sequence in [0, 1]. Suppose that ξn+1 ≤ (1 − αn)ξn +
αnγn for every n ∈ N, lim supn→∞ γn ≤ 0, and
∑
∞
n=1 αn =∞. Then ξn → 0.
We use the following lemma in Section 4.
Lemma 2.8. Let E be a Banach space, {ynj } a double sequence in E indexed by
(j, n) ∈ N×N, and {λj} a sequence in [0, 1]. Suppose that sup
{∥∥ynj ∥∥ : (j, n) ∈ N×N}
is finite,
∑
∞
j=1 λj = 1, and limn→∞ y
n
j = 0 for all j ∈ N. Then
∑
∞
j=1 λjy
n
j
converges (absolutely) for all n ∈ N and limn→0
∑
∞
j=1 λjy
n
j = 0.
Proof. Let n ∈ N be fixed. Set M = sup
{∥∥ynj ∥∥ : (j, n) ∈ N × N}. Without loss of
generality, we may assume that M > 0. Then
m∑
j=1
∥∥λjynj ∥∥ = m∑
j=1
λj
∥∥ynj ∥∥ ≤M m∑
j=1
λj ≤M
holds for all m ∈ N. Thus
∑
∞
j=1 λjy
n
j converges absolutely for all n ∈ N.
We next show that
∑
∞
j=1 λjy
n
j → 0 as n → ∞. Let ǫ > 0 be fixed. Then
there exists m ∈ N such that
∑
∞
j=m+1 λj < ǫ/(2M) by virtue of
∑
∞
j=1 λj = 1. On
the other hand, since limn→∞ y
n
j = 0 for all j ∈ N, there exists l ∈ N such that
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∥∥ynj ∥∥ < ǫ/2 for all n ∈ N with n ≥ l and j ∈ {1, . . . ,m}. Consequently, we see that
∞∑
j=1
∥∥λjynj ∥∥ = m∑
j=1
λj
∥∥ynj ∥∥+ ∞∑
j=m+1
λj
∥∥ynj ∥∥ ≤ m∑
j=1
λj
ǫ
2
+
∞∑
j=m+1
λjM < ǫ
for all n ∈ N with n ≥ l. Therefore, limn→0
∑
∞
j=1 λjy
n
j = 0. 
In the rest of this section, we provide some lemmas about an eventually increasing
function and a strongly nonexpansive sequence.
A function τ : N→ N is said to be eventually increasing [1,2,5,9] or unboundedly
increasing [10] if limn→∞ τ(n) = ∞ and τ(n) ≤ τ(n + 1) for all n ∈ N. It is clear
that if τ : N→ N is an eventually increasing function and {ξn} is a sequence of real
numbers such that ξn → 0, then ξτ(n) → 0.
Using [19, Lemma 3.1], we obtain the following:
Lemma 2.9 ([5, Lemma 3.4]). Let {ξn} be a sequence of nonnegative real numbers
which is not convergent. Then there exist N ∈ N and an eventually increasing
function τ : N→ N such that ξτ(n) ≤ ξτ(n)+1 for all n ∈ N and ξn ≤ ξτ(n)+1 for all
n ≥ N .
In Lemma 2.9, we cannot replace the word “eventually” by “strictly”; see [5,
Example 3.3].
Applying Lemma 2.9, we obtain the following lemma, which is used in Section 3.
Lemma 2.10. Let {ξn} be a sequence of nonnegative real numbers, {αn} a se-
quence in (0, 1], and {γn} a sequence of real numbers. Suppose that ξτ(n)+1 ≤
(1 − ατ(n))ξτ(n) + ατ(n)γτ(n) for all n ∈ N and lim supn→∞ γτ(n) ≤ 0 whenever
τ : N → N is an eventually increasing function such that ξτ(n) ≤ ξτ(n)+1 for all
n ∈ N. Then {ξn} is convergent.
Proof. Assume that {ξn} is not convergent. Then Lemma 2.9 implies that there
exist N ∈ N and an eventually increasing function τ : N → N such that ξτ(n) ≤
ξτ(n)+1 for all n ∈ N and ξn ≤ ξτ(n)+1 for all n ≥ N . Thus it follows that
ξτ(n)+1 ≤ (1− ατ(n))ξτ(n) + ατ(n)γτ(n) ≤ (1− ατ(n))ξτ(n)+1 + ατ(n)γτ(n)
for all n ∈ N. Hence we deduce from ατ(n) > 0 that ξτ(n)+1 ≤ γτ(n) for all n ∈ N.
Therefore, by assumption, we conclude that
0 < lim sup
n→∞
ξn ≤ lim sup
n→∞
ξτ(n)+1 ≤ lim sup
n→∞
γτ(n) ≤ 0,
which is a contradiction. 
The following lemma plays a crucial role in Section 3.
Lemma 2.11. Let E be a Banach space, C a nonempty subset of E, {fn} a se-
quence of mappings of C into R, {gn} a sequence of mappings of C into [0,∞),
τ : N → N an eventually increasing function, and {zn} a bounded sequence in C.
Suppose that fτ(n)(zn) → 0, there exits p ∈ C such that fn(p) = 0 for all n ∈ N,
and gn(xn)→ 0 whenever {xn} is a bounded sequence in C such that fn(xn) → 0.
Then gτ(n)(zn)→ 0.
Proof. Assume that gτ(n)(zn) 6→ 0. Then there exist ǫ > 0 and a strictly increasing
function σ : N→ N such that τ ◦ σ is also strictly increasing and
(2.3) gτ◦σ(n)(zσ(n)) ≥ ǫ
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for all n ∈ N. Set µ = τ ◦ σ and R(µ) = {µ(n) : n ∈ N}. Let {yn} be a sequence in
C defined by
yn =
{
zσ◦µ−1(n) if n ∈ R(µ);
p if n /∈ R(µ)
for n ∈ N. It is clear that {yn} is bounded, fn(yn) = fτ(σ◦µ−1(n))(zσ◦µ−1(n)) for
n ∈ R(µ), and fn(yn) = 0 for n /∈ R(µ). Since σ ◦ µ−1 is strictly increasing, we
see that fn(yn) → 0, and hence gn(yn) → 0 by assumption. Since µ is strictly
increasing, it follows from yµ(n) = zσ(µ−1(µ(n))) = zσ(n) that
gτ◦σ(n)(zσ(n)) = gµ(n)(yµ(n))→ 0,
which contradicts to (2.3). 
3. Main results
In this section, we prove the following strong convergence theorem and derive its
corollaries.
Theorem 3.1. Let E be a reflexive Banach space whose norm is uniformly Gaˆteaux
differentiable, C a nonempty closed convex subset of E, {Sn} a sequence of self-
mappings of C, T a nonexpansive self-mapping of C, {αn} a sequence in (0, 1], u
a point in C, and {xn} a sequence defined by x1 ∈ C and
(3.1) xn+1 = αnu+ (1− αn)Snxn
for n ∈ N. Suppose that E has the fixed point property for nonexpansive mappings,
αn → 0,
∑
∞
n=1 αn = ∞, {Sn} is a strongly nonexpansive sequence, and {Sn}
satisfies the NST condition (I) with T . Then {xn} converges strongly to Qu, where
Q is the sunny nonexpansive retraction of C onto F(T ).
To show Theorem 3.1, we need the lemmas below:
Lemma 3.2. Let E be a Banach space, C a nonempty subset of E, τ : N → N an
eventually increasing function, and {Sn} a sequence of mappings of C into E such
that F({Sn}) is nonempty. Then the following hold:
(1) If {Sn} is a strongly nonexpansive sequence and {zn} is a bounded sequence
in C such that ‖zn − p‖ −
∥∥Sτ(n)zn − p∥∥ → 0 for some p ∈ F({Sn}), then
Sτ(n)zn − zn → 0.
(2) If {Sn} satisfies the NST condition (I) with a mapping T : C → E, then so
does {Sτ(n)}.
Proof. We first show (1). Let fn : C → R and gn : C → [0,∞) be functions defined
by fn(x) = ‖x− p‖ − ‖Snx− p‖ and gn(x) = ‖Snx− x‖ for all x ∈ C and n ∈ N,
respectively. Then fτ(n)(zn) → 0 and fn(p) = 0 for all n ∈ N. Since {Sn} is
a strongly nonexpansive sequence, it follows that gn(xn) → 0 whenever {xn} is
a bounded sequence in C and fn(xn) → 0. Therefore Lemma 2.11 implies that∥∥Sτ(n)zn − zn∥∥ = gτ(n)(zn)→ 0.
We next show (2). It is clear that F({Sn}) ⊂ F(Sτ(n)) for every n ∈ N. Thus
F({Sn}) ⊂ F
(
{Sτ(n)}
)
. Since {Sn} satisfies the NST condition (I) with T , we know
that F
(
{Sn}
)
is nonempty and F(T ) ⊂ F
(
{Sn}
)
. Hence F
(
{Sτ(n)}
)
is nonempty
and F(T ) ⊂ F
(
{Sτ(n)}
)
. Let {zn} be a bounded sequence in C such that zn −
Sτ(n)zn → 0. It is enough to show that zn − Tzn → 0. Let fn : C → R and
gn : C → [0,∞) be functions defined by fn(x) = ‖Snx− x‖ and gn(x) = ‖Tx− x‖
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for all x ∈ C and n ∈ N, respectively. Let p ∈ F({Sn}). Then fτ(n)(zn) → 0 and
fn(p) = 0 for all n ∈ N. Since {Sn} satisfies the NST condition (I) with T , it follows
that gn(xn)→ 0 whenever {xn} is a bounded sequence in C such that fn(xn)→ 0.
Therefore Lemma 2.11 implies that ‖zn − Tzn‖ = gτ(n)(zn)→ 0. 
The proof of Theorem 3.1 is based on the following lemma:
Lemma 3.3. Let E be a Banach space whose norm is uniformly Gaˆteaux differ-
entiable. Let C, {Sn}, T , {αn}, u, and {xn} be the same as in Theorem 3.1.
Suppose that zt → w ∈ F(T ) as t ↓ 0, where zt is a unique point in C such that
zt = tu+ (1− t)Tzt for t ∈ (0, 1). Then {xn} converges strongly to w.
Proof. By the assumption that {Sn} satisfies the NST condition (I) with T , we see
that w ∈ F(Sn) for all n ∈ N. Since Sn is nonexpansive, it follows from (3.1) that
‖xn+1 − w‖ ≤ αn ‖u− w‖ + (1− αn) ‖Snxn − w‖(3.2)
≤ αn ‖u− w‖ + (1− αn) ‖xn − w‖
for all n ∈ N. Thus, by induction on n, we have
‖Snxn − w‖ ≤ ‖xn − w‖ ≤ max{‖u− w‖ , ‖x1 − w‖}.
Therefore, {xn} and {Snxn} are bounded. Hence, by the assumption that αn → 0,
we see that
(3.3) xn+1 − Snxn = αn(u− Snxn)→ 0.
We also deduce from (2.1) that
‖xn+1 − w‖
2 = ‖αn(u− w) + (1− αn)(Snxn − w)‖
2
≤ (1 − αn)
2 ‖Snxn − w‖
2
+ 2αn 〈u− w, J(xn+1 − w)〉
≤ (1 − αn) ‖xn − w‖
2
+ 2αn 〈u− w, J(xn+1 − w)〉
(3.4)
for all n ∈ N.
We next show that {‖xn − w‖} is convergent by using Lemma 2.10. Let τ : N→
N be an eventually increasing function. Suppose that
∥∥xτ(n) − w∥∥ ≤ ∥∥xτ(n)+1 − w∥∥
for all n ∈ N. Since Sτ(n) is nonexpansive, w ∈ F(Sτ(n)), and ατ(n) → 0, it follows
from (3.2) that
0 ≤
∥∥xτ(n) − w∥∥− ∥∥Sτ(n)xτ(n) − w∥∥
≤
∥∥xτ(n)+1 − w∥∥− ∥∥Sτ(n)xτ(n) − w∥∥ ≤ ατ(n) ‖u− w‖ → 0
as n→∞. Thus Lemma 3.2 implies that
(3.5) Sτ(n)xτ(n) − xτ(n) → 0.
Since {Sn} satisfies the NST condition (I) with T , it follows from Lemma 3.2 that
xτ(n) − Txτ(n) → 0. Consequently, Lemma 2.2 implies that
(3.6) lim sup
n→∞
〈
u− w, J(xτ(n) − w)
〉
≤ 0.
Since J is uniformly norm-to-weak* continuous on a bounded set and∥∥xτ(n)+1 − xτ(n)∥∥ ≤ ∥∥xτ(n)+1 − Sτ(n)xτ(n)∥∥+ ∥∥Sτ(n)xτ(n) − xτ(n)∥∥→ 0
by (3.3) and (3.5), it turns out that
(3.7)
〈
u− w, J(xτ(n)+1 − w) − J(xτ(n) − w)
〉
→ 0.
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Thus, by virtue of (3.6) and (3.7), we have
(3.8) lim sup
n→∞
〈
u− w, J(xτ(n)+1 − w)
〉
≤ 0.
According to (3.4) and (3.8), we conclude from Lemma 2.10 that {‖xn − w‖} is
convergent.
We lastly show that xn → w. Since Sn is nonexpansive, w ∈ F(Sn), and
{‖xn − w‖} is convergent, it follows from (3.2) and αn → 0 that
0 ≤ ‖xn − w‖ − ‖Snxn − w‖ ≤ ‖xn − w‖ − (1− αn) ‖Snxn − w‖
≤ ‖xn − w‖ − ‖xn+1 − w‖+ αn ‖u− w‖ → 0.
Thus xn − Snxn → 0 by the assumption that {Sn} is a strongly nonexpansive
sequence, and hence xn − Txn → 0 by the assumption that {Sn} satisfies the NST
condition (I) with T . Consequently, Lemma 2.2 shows that
lim sup
n→∞
〈u− w, J(xn+1 − w)〉 = lim sup
n→∞
〈u− w, J(xn − w)〉 ≤ 0.
Taking into account
∑
∞
n=1 αn = ∞ and (3.4), we deduce from Lemma 2.7 that
‖xn − w‖ → 0. This completes the proof. 
Proof of Theorem 3.1. Let zt be the same as in Lemma 3.3 for t ∈ (0, 1). Then it
follows from Lemma 2.3 that zt → Qu as t ↓ 0. Therefore Lemma 3.3 implies the
conclusion. 
It is known that if a Banach space E is uniformly convex, then E is reflexive
and has the fixed point property for nonexpansive mappings; see [27]. Thus the
following corollary is a direct consequence of Theorem 3.1.
Corollary 3.4. Let E be a uniformly convex Banach space whose norm is uniformly
Gaˆteaux differentiable. Let C, {Sn}, T , {αn}, u, {xn}, and Q be the same as in
Theorem 3.1. Then {xn} converges strongly to Qu.
Remark 3.5. Corollary 3.4 is a generalization of [25, Theorem 10]. Indeed, under
the assumptions of [25, Theorem 10], we can verify that {Tn} satisfies the NST
condition (I) with T by using [6, Lemma 3.2].
Using Theorem 3.1 and Example 2.5, we obtain the following corollary:
Corollary 3.6. Let E, C, {αn}, and u be the same as in Theorem 3.1. Let T be
a strongly nonexpansive self-mapping of C and {xn} a sequence defined by x1 ∈ C
and xn+1 = αnu+ (1 − αn)Txn for n ∈ N. Suppose that F(T ) is nonempty. Then
{xn} converges strongly to Qu, where Q is the sunny nonexpansive retraction of C
onto F(T ).
Remark 3.7. Corollary 3.6 is related to [25, Theorem 4 (1)]. Indeed, it is known
that a uniformly smooth Banach space is reflexive and has the fixed point prop-
erty for nonexpansive mappings, and moreover, the norm is uniformly Gaˆteaux
differentiable; see [14, 27, 30].
4. Applications
In this section, we deal with three applications of Theorem 3.1 and Corollary 3.4.
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4.1. Common fixed points of a sequence of nonexpansive mappings. We
first address the problem of approximating a common fixed point of a sequence of
nonexpansive mappings. Using Corollary 3.4, we obtain the following theorem:
Theorem 4.1. Let E be a uniformly convex Banach space whose norm is uniformly
Gaˆteaux differentiable, C a nonempty closed convex subset of E, {Tn} a sequence of
nonexpansive self-mappings of C, {αn} the same as in Theorem 3.1, {βkn} a double
sequence in (0, 1] indexed by n ∈ N and k ∈ {1, . . . , n}, and {γn} a sequence in (0, 1).
Suppose that F({Tn}) is nonempty,
∑n
k=1 β
k
n = 1 for all n ∈ N, inf{β
k
n : n ≥ k} > 0
for all k ∈ N, infn γn > 0, and supn γn < 1. Let u be a point in C and {xn} a
sequence defined by x1 ∈ C and
xn+1 = αnu+ (1 − αn)
[
γnxn + (1− γn)
n∑
k=1
βknTkxn
]
for n ∈ N. Then {xn} converges strongly to Qu, where Q is the sunny nonexpansive
retraction of C onto F({Tn}).
In order to prove Theorem 4.1, we need the lemmas below:
Lemma 4.2 ([13, Lemma 3] and its proof). Let E be a strictly convex Banach space,
C a nonempty closed convex subset of E, {Tn} a sequence of nonexpansive mappings
of C into E, and {λn} a sequence in (0, 1). Suppose that F({Tn}) is nonempty
and
∑
∞
n=1 λn = 1. Then T =
∑
∞
n=1 λnTn is well-defined and nonexpansive, and
moreover, F({Tn}) = F(T ).
Lemma 4.3. Let E be a uniformly convex Banach space, C a nonempty closed
convex subset of E, {Tn} a sequence of nonexpansive mappings of C into E, {βkn}
the same as in Theorem 4.1, {λn} a sequence in (0, 1), and Vn a mapping of C
into E defined by Vn =
∑n
k=1 β
k
nTk for n ∈ N. Suppose that F({Tn}) is nonempty
and
∑
∞
n=1 λn = 1. If {xn} is a bounded sequence in C such that xn − Vnxn → 0,
then limn→∞ ‖xn − Tjxn‖ = 0 for all j ∈ N. Moreover, {Vn} satisfies the NST
condition (I) with a mapping T : C → E defined by T =
∑
∞
n=1 λnTn.
Proof. Let j ∈ N and z ∈ F({Tn}) be fixed. Set Nn = {i ∈ N : 1 ≤ i ≤ n, i 6= j}
for n ∈ N. Let Un be a mapping of C into E defined by
Un =
1
1− βjn
∑
k∈Nn
βknTk
for n ∈ N with n > j. Then one can verify that Vn = βjnTj + (1 − β
j
n)Un, Un is
nonexpansive, and z = Unz for all n ∈ N with n > j. Since ‖ · ‖
2
is convex, both Tj
and Vn are nonexpansive, z = Tjz = Vnz, {xn} is bounded, and ‖xn − Vnxn‖ → 0,
it turns out that
0 ≤ βjn ‖z − Tjxn‖
2
+ (1− βjn) ‖z − Unxn‖
2
−
∥∥βjn(z − Tjxn) + (1− βjn)(z − Unxn)∥∥2
≤ ‖z − xn‖
2 − ‖z − Vnxn‖
2
≤ 2 ‖z − xn‖ (‖z − xn‖ − ‖z − Vnxn‖)
≤ 2 ‖z − xn‖ ‖xn − Vnxn‖ → 0
as n→∞. Hence Lemma 2.1 implies that
0 ≤ (1− βjn) ‖Unxn − Tjxn‖ = (1− β
j
n) ‖z − Tjxn − (z − Unxn)‖ → 0
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as n→∞. Since Vn − Tj = (1− βjn)(Un − Tj) and xn − Vnxn → 0, we deduce that
‖xn − Tjxn‖ ≤ ‖xn − Vnxn‖+ (1− β
j
n) ‖Unxn − Tjxn‖ → 0
as n→∞. Therefore, limn→∞ ‖xn − Tjxn‖ = 0 for all j ∈ N.
We next show that {Vn} satisfies the NST condition (I) with T . By Lemma 4.2,
we know that F(T ) = F({Tn}). It is clear from the definition of Vn that F({Tn}) ⊂
F(Vn) for all n ∈ N. Thus F({Tn}) ⊂ F({Vn}), and hence F({Vn}) is nonempty and
F(T ) ⊂ F({Vn}). Let {yn} be a bounded sequence in C such that yn − Vnyn → 0.
Since limn→∞ ‖yn − Tjyn‖ = 0 for all j ∈ N from the earlier part of this proof, it
follows from Lemma 2.8 that
‖yn − Tyn‖ =
∥∥∥∥
∞∑
j=1
λj(yn − Tjyn)
∥∥∥∥→ 0
as n→∞. This completes the proof. 
Lemma 4.4. Let E be a Banach space, C a nonempty subset of E, {Vn} a sequence
of mappings of C into E, {γn} a sequence in R, and {Sn} a sequence of mappings
of C into E defined by Sn = γnI + (1 − γn)Vn for n ∈ N, where I is the identity
mapping on C. Suppose that F({Vn}) is nonempty and supn γn < 1. If {Vn}
satisfies the NST condition (I) with a mapping T : C → E, then so does {Sn}.
Proof. It is easy to check that F(Sn) = F(Vn) for every n ∈ N. Thus F({Sn}) =
F({Vn}). Since {Vn} satisfies the NST condition (I) with T , we know that F({Vn})
is nonempty and F(T ) ⊂ F({Vn}). Therefore, F({Sn}) is nonempty and F(T ) ⊂
F({Sn}). Let {xn} be a bounded sequence in C such that xn − Snxn → 0. Taking
into account I − Sn = (1− γn)(I − Vn) and supn γn < 1, we deduce that
0 ≤ (1− supn γn) ‖xn − Vnxn‖ ≤ (1− γn) ‖xn − Vnxn‖ = ‖xn − Snxn‖ → 0
as n → ∞. Thus xn − Vnxn → 0. Since {Vn} satisfies the NST condition (I) with
T , it follows that xn − Txn → 0. As a result, {Sn} satisfies the NST condition (I)
with T . 
Using Corollary 3.4 and lemmas above, we can prove Theorem 4.1.
Proof of Theorem 4.1. Let T be a mapping defined by T =
∑
∞
n=1 Tn/2
n. Then
Lemma 4.2 shows that T is nonexpansive and F(T ) = F({Tn}). Moreover, it is
clear that T is a self-mapping of C.
Let Sn and Vn be mappings defined by Sn = γnI + (1 − γn)
∑n
k=1 β
k
nTk and
Vn =
∑n
k=1 β
k
nTk for n ∈ N, where I is the identity mapping on C. Then it is
obvious that each Sn is a self-mapping of C and (3.1) holds for all n ∈ N. Since
each Tk is nonexpansive and
∑n
k=1 β
k
n = 1, it follows that Vn is nonexpansive for
every n ∈ N. Thus Example 2.6 implies that {Sn} is a strongly nonexpansive
sequence. On the other hand, it follows from Lemma 4.3 that {Vn} satisfies the
NST condition (I) with T . Thus Lemma 4.4 implies that {Sn} satisfies the NST
condition (I) with T . Consequently, Corollary 3.4 implies that xn → Qu. 
4.2. Zeros of accretive operators. We next consider the problem of finding a
zero of an accretive operator in a Banach space and prove a convergence theorem
for the problem.
Let A be a set-valued mapping of E into E. The domain of A is denoted by
dom(A), the range of A by R(A), and the set of zeros of A by A−10, that is,
10 KOJI AOYAMA AND MASASHI TOYODA
dom(A) = {x ∈ E : Ax 6= ∅}, R(A) =
⋃
{Ax : x ∈ dom(A)}, and A−10 = {x ∈
dom(A) : 0 ∈ Ax}. We say that A is an accretive operator on E if for x, y ∈ dom(A),
u ∈ Ax, and v ∈ Ay there exists j ∈ J(x− y) such that 〈u− v, j〉 ≥ 0.
Let A be an accretive operator on E, I the identity mapping on E, and λ a
positive real number. It is known that (I + λA)−1 is a single-valued mapping of
R(I + λA) onto dom(A). The mapping (I + λA)−1 is called the resolvent of A
and is denoted by Jλ. It is also known that F(Jλ) = A
−10 and A−10 is a sunny
nonexpansive retract of E under the assumptions of Lemma 2.3; see [27].
Using Corollary 3.4, we obtain the following theorem; see [6,11,16–18,22,25,28]
for related results.
Theorem 4.5 ([10, Theorem 3.1]). Let E, C, {αn}, and u be the same as in
Corollary 3.4, A an accretive operator on E, and {λn} a sequence of positive real
numbers. Suppose that A−10 is nonempty, dom(A) ⊂ C ⊂ R(I+λA) for all λ > 0,
and infn λn > 0, where dom(A) is the closure of dom(A) and I is the identity
mapping on E. Let {xn} be a sequence defined by x1 ∈ C and
xn+1 = αnu+ (1− αn)Jλnxn
for n ∈ N, where Jλn = (I + λnA)
−1. Then {xn} converges strongly to Qu, where
Q is the sunny nonexpansive retraction of C onto A−10.
Proof. Taking into account F(Jλn) = A
−10, we see that F({Jλn}) = A
−10 6= ∅.
We know that {Jλn} is a strongly nonexpansive sequence; see [8, Lemma 2.5]. We
also know that {Jλn} satisfies the NST condition (I) with J1; see [21, Lemma 3.5].
Therefore Corollary 3.4 implies the conclusion. 
4.3. Viscosity approximation method. In the rest of this section, we deal with
the viscosity approximation method for strongly nonexpansive sequences. The vis-
cosity approximation method for a single nonexpansive mapping was originally
proposed by Moudafi [20]; see also [2, 4, 9, 26, 28, 32] and references therein.
Let C be a subset of a Banach space E, F a nonempty subset of C, f : C → C a
mapping, and θ a real number in [0, 1). Recall that f is said to be a θ-contraction
if
(4.1) ‖f(x)− f(y)‖ ≤ θ ‖x− y‖
for all x, y ∈ C; f is said to be a θ-contraction with respect to F [2,4] if (4.1) holds
for all x ∈ C and y ∈ F .
Applying Theorem 3.1, we obtain the following theorem:
Theorem 4.6. Let E, C, {Sn}, T , Q, and {αn} be the same as in Theorem 3.1,
{fn} a sequence of self-mappings of C, and {yn} a sequence defined by y1 ∈ C and
(4.2) yn+1 = αnfn(yn) + (1 − αn)Snyn
for n ∈ N. Suppose that each fn is a θ-contraction with respect to F({Sn}) and
there exists u ∈ C such that fn(Qu) → u, where θ ∈ [0, 1). Then {yn} converges
strongly to Qu.
In order to prove Theorem 4.6, we need the following lemma. The proof is based
on the technique developed in [26]; see also [4].
Lemma 4.7. Let E be a Banach space, C a nonempty closed convex subset of E, F
a nonempty sunny nonexpansive retract of C, Q a sunny nonexpansive retraction of
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C onto F , {Sn} a sequence of nonexpansive self-mappings of C, {fn} a sequence of
self-mappings of C, u a point in C, {αn} a sequence in [0, 1], {xn} a sequence in C
defined by x1 ∈ C and (3.1) for n ∈ N, and {yn} a sequence in C defined by y1 ∈ C
and (4.2) for n ∈ N. Suppose that
∑
∞
n=1 αn = ∞, each fn is a θ-contraction with
respect to F , fn(Qu) → u, and xn → Qu, where θ ∈ [0, 1). Then {yn} converges
strongly to Qu.
Proof. Since Qu ∈ F and fn is a θ-contraction with respect to F , we have
‖u− fn(yn)‖ ≤ ‖u− fn(Qu)‖+ ‖fn(Qu)− fn(yn)‖
≤ ‖u− fn(Qu)‖+ θ ‖Qu− yn‖
≤ ‖u− fn(Qu)‖+ θ ‖Qu− xn‖+ θ ‖xn − yn‖ .
Thus we deduce from the nonexpansiveness of Sn that
‖xn+1 − yn+1‖ ≤ αn ‖u− fn(yn)‖ + (1− αn) ‖xn − yn‖
≤
(
1− (1− θ)αn
)
‖xn − yn‖
+ (1− θ)αn
(
θ ‖Qu− xn‖+ ‖u− fn(Qu)‖
1− θ
)
for all n ∈ N. By assumption, we know that
∑
∞
n=1(1− θ)αn =∞, ‖Qu− xn‖ → 0,
and ‖u− fn(Qu)‖ → 0. Thus Lemma 2.7 implies that ‖xn − yn‖ → 0, and hence
yn → Qu. 
Proof of Theorem 4.6. Let {xn} be a sequence defined by x1 ∈ C and (3.1) for
n ∈ N. Then it follows from Theorem 3.1 that {xn} converges strongly to Qu.
Thus Lemma 4.7 implies the conclusion. 
Using Theorem 4.6, we directly obtain the following two corollaries:
Corollary 4.8. Let E, C, {Sn}, T , Q, and {αn} be the same as in Theorem 3.1,
{un} a sequence in C, and {yn} a sequence defined by y1 ∈ C and
yn+1 = αnun + (1− αn)Snyn
for n ∈ N. Suppose that un → u. Then {yn} converges strongly to Qu.
Proof. Let fn : C → C be a mapping defined by fn(x) = un for all x ∈ C and
n ∈ N. Then it is clear that each fn is a 0-contraction with respect to C and
fn(Qu) = un → u. Therefore Theorem 4.6 implies the conclusion. 
Corollary 4.9. Let E, C, {Sn}, T , Q, and {αn} be the same as in Theorem 3.1,
{fn} a sequence of self-mappings of C, and {yn} a sequence defined by y1 ∈ C and
(4.2) for n ∈ N. Suppose that each fn is a θ-contraction with respect to F({Sn})
and {fn(z) : n ∈ N} is a singleton for all z ∈ F({Sn}), where θ ∈ [0, 1). Then {yn}
converges strongly to w, where w is a unique fixed point of Q ◦ f1.
Proof. Since Q ◦ f1 is a θ-contraction on F({Sn}), Q ◦ f1 has a unique fixed point
w ∈ F({Sn}). Set u = f1(w). By assumption, {fn(w) : n ∈ N} = {u}. Thus we see
that fn(Qu) = fn
(
Q
(
f1(w)
))
= fn(w) = u for all n ∈ N, and hence fn(Qu) → u.
Therefore Theorem 4.6 implies that yn → Qu = Q
(
f1(w)
)
= w. 
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